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Abstract
In this paper we present two theorems on controlled extensions of Carathéodory functions. We obtain our
results from corresponding ones for continuous functions by means of the Marczewski function.
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1. Preliminaries
Let (T ,M) be a measurable space, and let Y be a topological space. Let 2Y denote the family
of all nonempty subsets of Y . By a multifunction from T to Y , we mean any mapping Φ from T
that has the family 2Y as the value space. Let Φ−1(A) be a set {t ∈ T : Φ(t) ∩ A = ∅}, for each
A ⊂ Y . We say that the multifunction Φ is measurable if, for each open V ⊂ Y , the set Φ−1(V ) is
measurable. If T is a topological space, we say that a multifunction Φ is lower semicontinuous,
abbreviated to l.s.c., if Φ−1(V ) is open for each open V ⊂ Y . The function γ :T → Y is called a
selection of Φ if γ (t) ∈ Φ(t), for every t ∈ T .
Let X be a topological space, B(X) be the σ -algebra of Borel subsets of X and B be a subset
of T × X. By pT we denote the projection from T × X onto T . Let M⊗ B(X) stand for the
product σ -algebra on T ×X andM⊗B(X)|B be the trace σ -algebra on B . A function (respec-
tively, multifunction) Φ from B to Y is called Carathéodory (respectively, lower Carathéodory)
if, for each t ∈ pT (B), the function (respectively, multifunction) Φ(t, ·) is continuous (respec-
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1008 E. Kubin´ska / J. Math. Anal. Appl. 328 (2007) 1007–1012tively, l.s.c.) on Bt = {x ∈ X: (t, x) ∈ B} and Φ is M ⊗ B(X)|B -measurable. Following the
notation introduced in [2,4], we say that a function (respectively, multifunction) Φ from B to
Y is R-Carathéodory (respectively, lower R-Carathéodory) if, for each open V ⊂ Y , there exist
MΦn (V ) ∈M and open UΦn (V ) ⊂ X such that Φ−1(V ) = B ∩
⋃
n∈N MΦn (V ) × UΦn (V ). It fol-
lows from definitions that each R-Carathéodory function (lower R-Carathéodory multifunction)
is Carathéodory (lower Carathéodory). We find theorems about coincidences of these two notions
in papers by A. Kucia and A. Nowak (see [2,3]). It is worth mentioning that if X has a count-
able base, Y is perfectly normal and B = S × Z, where S ⊂ T , Z ⊂ X, then each Carathéodory
function f :B → Y is R-Carathéodory.
LetA= (An)n∈N be a sequence of subsets of T . By the Marczewski function ofA, which was
introduced in [7], we mean the mapping χ :T → {0,1}N defined by χ(t) = (χn(t))n∈N , where
χn is the characteristic function of An. The space {0,1}N of all zero-one sequences is considered
with the product topology, and the image χ(T ) with the induced topology. Let us notice that
sets χ(A), for A ∈A, are closed-open in χ(T ) as intersections of the space χ(T ) and sets from
the base of the product topology. In addition, the function χ is measurable with respect to the
σ -algebra generated by A.
2. Main results
In this section, we are going to present two theorems on controlled extensions for Carathéo-
dory functions and their application. The main tool in our proofs is the Marczewski function,
which gives results on Carathéodory functions from the corresponding continuous ones. We use
a technique analogous to the one presented by A. Kucia [2].
In our first theorem on controlled extensions, the values of Carathéodory function are con-
trolled by the values of some multifunction. This result is based on the corollary from Michael’s
theorem, which states that if X is a metric space, Y is Banach space, F ⊂ X is a closed subset,
Φ :X → 2Y is l.s.c. multifunction with nonempty closed convex values and f :F → Y is a con-
tinuous function such that f (x) ∈ Φ(x), for every x ∈ F , then there exists a continuous function
f¯ :X → Y , which is a selection of Φ(x) and f¯ |F = f (see [5, Theorem 1, p. 233]).
We can give now the result concerning Carathéodory functions. It is a parametric version of
Michael’s theorem, which is measurable with respect to parameter t ∈ T .
Theorem 2.1. Let X be a metric space, let Y be a separable Banach space and let A ⊂ T × X
be such that (T × X) \ A = ⋃n∈N Mn × Un, where Mn ∈M and Un are open in X. Let
Φ :T × X → 2Y be lower R-Carathéodory multifunction with nonempty closed convex values.
Let f :A → Y be a R-Carathéodory function such that f (t, x) ∈ Φ(t, x) for every (t, x) ∈ A.
Then there exists R-Carathéodory function f¯ :T × X → Y such that f¯ (t, x) ∈ Φ(t, x) for all
(t, x) ∈ T × X and f¯ |A = f .
Proof. Let {Vn: n ∈ N} be a base in Y , let MΦn (Vk),Mfn (Vk) be measurable subsets of T and
UΦn (Vk),U
f
n (Vk) be open subsets of X, where n, k ∈ N , such that Φ−1(Vk) =⋃n∈N MΦn (Vk)×
UΦn (Vk) and f −1(Vk) = A ∩
⋃
n∈N M
f
n (Vk) × Ufn (Vk). Let A be a sequence of subsets,
which is the union of {MΦn (Vk): n, k ∈ N}, {Mfn (Vk): n, k ∈ N}, {Mn: n ∈ N} without omit-
ting repeating elements and let χ be the Marczewski function of A. We define the function
h :T × X → {0,1}N × X by the formula h(t, x) = (χ(t), x). It is noteworthy that the value
space {0,1}N × X is metrizable. Let Z,B be such that Z = h(T × X) and B = h(A). Let
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in Z. For every (a, x) ∈ B there exists (t, x) ∈ A such that (a, x) = h(t, x) = (χ(t), x) and
(a, x) /∈ χ(Mn)×Un, for every n ∈ N. If it were true that (a0, x0) = (χ(t0), x0) ∈ χ(Mn0)×Un0 ,
for some (a0, x0) ∈ B, t0 ∈ T ,n0 ∈ N, we would have (t0, x0) ∈ Mn0 ×Un0 ⊂ (T ×X)\A. Hence
we have h((T × X) \ A) ∩ B = ∅. The set h((T × X) \ A) is open in Z, which implies that B is
closed in Z. Then let us define multifunction Ψ :Z → 2Y by Ψ (h(t, x)) = Φ(t, x) and function
g :B → Y by g(h(t, x)) = f (t, x).
Now, we are going to prove that Ψ and g are well defined, Ψ is l.s.c. multifunction and g
is continuous function. If we show that h(t, x) = h(t ′, x′) whenever Φ(t, x) = Φ(t ′, x′) then
the multifunction Ψ is well defined. If x = x′ then h(t, x) = h(t ′, x′), therefore it is enough to
consider (t, x), (t ′, x′) such that x = x′. Let us assume that Φ(t, x) \ Φ(t ′, x) = ∅, then there
exists k such that Φ(t, x) ∩ Vk = ∅ and Φ(t ′, x) ∩ Vk = ∅. It means that (t, x) ∈ Φ−1(Vk) =⋃
n∈N MΦn (Vk) × UΦn (Vk) and (t ′, x) /∈ Φ−1(Vk). There exists An ∈ A such that t ∈ An and
t ′ /∈ An, hence χ(t) = χ(t ′) and h(t, x) = h(t ′, x′). Now we are going to prove the lower semi-
continuity of Ψ . We first need h(Φ−1(V )) = Ψ −1(V ), for any V ⊂ Φ(T × X). By definition of
Ψ we have h(Φ−1(y)) = Ψ −1(y), for every y ∈ Φ(T × X). From basic formulas for image and
inverse image of union of the family of sets we have the expression for Ψ −1(V ). Then we have,
for any element of the base Vk ,
Ψ −1(Vk) = h
(
Φ−1(Vk)
)= ⋃
n∈N
χ
(
MΦn (Vk)
)× UΦn (Vk).
Sets χ(MΦn (Vk)) are closed and open in Z and UΦn (Vk) are open in X, which completes the
proof that Ψ is l.s.c. We can apply those arguments again, with Ψ replaced by g, to obtain the
result that g is a well defined and continuous function on B .
In order to prove g(a, x) ∈ Ψ (a, x), let us notice that for every (a, x) ∈ B , there exists t ∈ T
such that h(t, x) = (a, x). Then
g(a, x) = g(h(t, x))= f (t, x) ∈ Φ(t, x) = Ψ (h(t, x))= Ψ (a, x).
From the Michael theorem, it follows that there exists a continuous function g¯ :Z → Y such
that g¯(t, x) ∈ Ψ (t, x) for all (t, x) ∈ Z and g¯|B = g. Let us define f¯ :T ×X → Y by the formula
f¯ = g¯ ◦ h. The function f¯ is defined over T × X because h−1(Z) = T × X. Let us notice that
f¯ (t, x) = g¯(h(t, x))= g(h(t, x))= f (t, x),
for every (t, x) ∈ A. This gives f¯ |A = f . In order to show that f¯ is R-Carathéodory, first we
prove that every open set U ⊂ Z = χ(T ) × X is the union of countably many open rectan-
gles. Indeed, if {Un: n ∈ N} is a countable base of χ(T ), then for any open U ⊂ Z, we have
U = ⋃n∈N Un × Wn(U), where Wn(U) = ⋃{W ⊂ X: W is open and Un × W ⊂ U}. Let V
be an open subset of Y , then f¯ −1(V ) = h−1(g¯−1(V )). Since g¯ is continuous, g¯−1(V ) is open
in Z. Hence, we have g¯−1(V ) =⋃n∈N Un × Wn(g¯−1(V )), where Un,Wn(g¯−1(V )) are open in
χ(T ),X, respectively. Consequently, we have
f¯ −1(V ) = h−1
( ⋃
n∈N
Un × Wn
(
g¯−1(V )
))= ⋃
n∈N
χ−1(Un) × Wn
(
g¯−1(V )
)
.
Moreover, the function χ is σ(A)-measurable, which completes the proof. 
Before formulating the second result we introduce the necessary terminology. The defini-
tion of (E,u)-controlled extensions was introduced by J. Malešicˇ, D. Repovš and P. Semenov
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tinuous functions and Carathéodory ones.
Definition 2.2. Let X,Y be nonempty sets, A be a subset of X, and E :Y × Y → Y , u :X → Y
be given functions. Let f,g :A → Y be functions satisfying the equality
E
(
f (a), g(a)
)= u(a), a ∈ A.
Then the functions f¯ :X → Y and g¯ :X → Y are called (E,u)-controlled extensions of f and g,
if f¯ extends f, g¯ extends g and
E
(
f¯ (x), g¯(x)
)= u(x), x ∈ X.
If X, Y are topological spaces and E, u, f , g, f¯ , g¯ are continuous functions then we speak of
(E,u)-controlled continuous extensions. If X = T ×Z, where (T ,M) is a measurable space, Z
is a topological space, E is a continuous function, f , g, f¯ , g¯ and u are Carathéodory functions
then we have (E,u)-controlled Carathéodory extensions. Moreover, if f¯ , g¯ are R-Carathéodory
functions then we speak of (E,u)-controlled R-Carathéodory extensions.
Remark 2.3. The problem of the existence of (E,u)-controlled R-Carathéodory extensions can
be formulated such us in Theorem 2.1. For every map E :Y × Y → Y and u :T × X → Y we
define a multifunction Φ :T × X → 2Y×Y by a formula
Φ(t, x) = {(p, q): E(p,q) = u(t, x)}.
Then, for any functions f,g defined on A ⊂ T × X, such that E(f (t, x), g(t, x)) = u(t, x) we
consider a composition (f, g) :A → Y ×Y , which is a selector of Φ . We cannot use Theorem 2.1
for Φ and (f, g), because in most cases multifunction Φ does not have convex values. For exam-
ple, let us consider X = Y = R, multiplication E(p,q) = p · q and u ≡ c, for some real constant
c = 0. We have Φ(t, x) = {(p, q): p · q = c}, for all (t, x) ∈ T ×X, which is not a convex subset
of R2.
We are going to prove that under mild assumptions, the existence of (E,u)-controlled contin-
uous extensions implies the existence of (E,u)-controlled R-Carathéodory extensions.
Theorem 2.4. Let X be a metric space, Y be a topological space with a countable base, and
E :Y × Y → Y be a continuous function. Let us assume that for any metric space Z, any closed
subset B ⊂ Z, any two continuous functions a, b :B → Y and any continuous function v on Z,
such that E(a(x), b(x)) = v(x), for every x ∈ B , there exist (E,v)-controlled continuous exten-
sions of a, b. Then for any A ⊂ T ×X, with the following property (T ×X)\A =⋃n∈N Mn×Un,
where Mn ∈M, Un ⊂ X are open in X, and any R-Carathéodory functions f,g,u such that
f,g :A → Y and u :T × X → Y and E(f (t, x), g(t, x)) = u(t, x), for every (t, x) ∈ A, there
exist (E,u)-controlled R-Carathéodory extensions of f,g.
Proof. Let {Vn: n ∈ N} be a base in Y , let Mfn (Vk), Mgn (Vk), Mun (Vk) be measurable
subsets of T and Ufn (Vk), Ugn (Vk), Uun (Vk) be open subsets of X, where n, k ∈ N , such
that f −1(Vk) = A ∩⋃n∈N Mfn (Vk) × Ufn (Vk), g−1(Vk) = A ∩⋃n∈N Mgn (Vk) × Ugn (Vk) and
u−1(Vk) = ⋃n∈N Mun (Vk) × Uun (Vk). Let χ be the Marczewski function of the family A,
which is the union of subsets {Mfn (Vk): n, k ∈ N}, {Mgn (Vk): n, k ∈ N}, {Mun (Vk): n, k ∈ N},
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{0,1}N × X by the formula h(t, x) = (χ(t), x). Let Z,B be such that Z = h(T × X) and
B = h(A). Z ⊂ {0,1}N ×X, hence it is a metric space. Let us notice that B is closed in Z. Then
let us define functions ψ :B → Y by ψ(h(t, x)) = f (t, x), φ :B → Y by φ(h(t, x)) = g(t, x)
and function μ :Z → Y by μ(h(t, x)) = u(t, x). We can prove, by the same method as in Theo-
rem 2.1, that ψ,φ and μ are well defined and continuous functions in their domains.
Condition E(ψ,φ) = μ|B is also fulfilled. For every (a, x) ∈ B there exists t ∈ T such that
h(t, x) = (a, x), hence we have
E
(
ψ(a, x),φ(a, x)
)= E(ψ(h(t, x)), φ(h(t, x)))= E(f (t, x), g(t, x))
= u(t, x) = μ(h(t, x))= μ(a, x).
By the assumptions, there exist (E,μ)-controlled continuous extensions ψ¯ :Z → Y and
φ¯ :Z → Y of ψ and φ. Let us define f¯ :T ×X → Y by the formula f¯ = ψ¯ ◦h and g¯ :T ×X → Y
by g¯ = φ¯ ◦ h. Functions f¯ and g¯ are extensions of f and g, respectively. In the same manner, as
in the proof of Theorem 2.1, we can prove that f¯ and g¯ are R-Carathéodory.
Moreover, we have
E
(
f¯ (t, x), g¯(t, x)
)= E(ψ¯(h(t, x)), φ¯(h(t, x)))= μ(h(t, x))= u(t, x),
what implies f¯ , g¯ are (E,u)-controlled R-Carathéodory extensions of f an g. 
Remark 2.5. Theorem 2.4 also works in the case when the function E is defined over some
subset D ⊂ Y ×Y and functions a, b are such that (a, b) :B → D. Then for any R-Carathéodory
functions f,g,u such that (f, g) :A → D and u :T × X → Y and E(f (t, x), g(t, x)) = u(t, x),
for every (t, x) ∈ A, there exist (E,u)-controlled R-Carathéodory extensions of f,g.
Remark 2.6. If we slightly change the assumptions in Theorems 2.1 and 2.4 we can consider
Carathéodory functions (multifunctions) instead of R-Carathéodory ones and the set A can be in
the simpler form. If X is a Polish space, A ∈M⊗B(X) and (T ,M) fulfils one of the following
conditions:
(i) M is complete with respect to a σ -finite measure;
(ii) T is a Polish space andM= B(T );
then every lower Carathéodory multifunction (Carathéodory function) defined on A is lower
R-Carathéodory one (R-Carathéodory one).
If in addition, we assume that A has closed vertical sections At = {x ∈ X: (t, x) ∈ A} then
(T ×X)\A =⋃n∈N Mn ×Un, where Mn ∈M and {Un: n ∈ N} is a base in X. For more details
we refer the reader to A. Kucia’s result (see [2, Main Lemma, p. 310]).
Remark 2.7. It is noteworthy that we achieve R-Carathéodory functions in Theorems 2.1 and 2.4.
Thus the assumption that we have R-Carathéodory functions is the necessary condition of the
controlled extensions.
Now we are going to present an application of Theorem 2.4. In the paper by Frantz (see
[1, Theorem 3, p. 60]), there is a result about continuous extensions of functions f,g defined on
a closed subset A of a compact metric space X, such that f (a) · g(a) = u(a), a ∈ A, where u is
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the whole space X. J. Malešicˇ, D. Repovš and P. Semenov gave a more general theorem about
controlled extensions in [6]. Now, we give the necessary definition. A function E :R2 → R is
called a pseudomultiplication if E(x,y) = e(x) · y, where
(i) e preserves the signs of the arguments,
(ii) e is continuously differentiable,
(iii) the derivative e′ is positive in some neighborhood of zero and in some neighborhood of the
infinity.
The theorem of J. Malešicˇ, D. Repovš, P. Semenov (see [6, Theorem 1.5, p. 65]) and Theo-
rem 2.4 give a result about controlled extensions of R-Carathéodory functions.
Corollary 2.8. Let (T ,M,μ) be a measurable space, X be a metric space and let A ⊂ T × X
be such that (T × X) \ A = ⋃n∈N Mn × Un, where Mn ∈M and Un are open in X. Let
E :R2 → R be a pseudomultiplication. Let f :A → R, g :A → [0,∞) and u :T × X → R
be R-Carathéodory functions such that g−1(0) ⊂ f −1(0) and E(f (t, x), g(t, x)) = u(t, x) for
(t, x) ∈ A. Then there exist R-Carathéodory functions f¯ :T ×X → R, g¯ :T ×X → [0,∞) such
that f¯ |A = f , g¯|A = g and E(f¯ (t, x), g¯(t, x)) = u(t, x) for all (t, x) ∈ T × X.
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